Abstract An automatic presentation for a relational structure is, informally, an abstract representation of the elements of that structure by means of a regular language such that the relations can all be recognized by finite automata. A structure admitting an automatic presentation is said to be FA-presentable. This paper studies the interaction of automatic presentations and certain semigroup constructions, namely: direct products, free products, finite Rees index extensions and subsemigroups, strong semilattices of semigroups, Rees matrix semigroups, Bruck-Reilly extensions, zero-direct unions, semidirect products, wreath products, ideals, and quotient semigroups. For each case, the closure of the class of FA-presentable semigroups under that construction is considered, as is the question of whether the FA-presentability of the semigroup obtained from such a construction implies the FA-presentability of the original semigroup [s]. Classifications are also given of the FA-presentable finitely generated Clifford semigroups, completely simple semigroups, and completely 0-simple semigroups.
Introduction
Automatic presentations ultimately stem from computer scientists' need to extend finite model theory to finite descriptions of infinite structures. In moving to general infinite structures, decidability is of course lost. There has therefore been an effort to find classes of infinite structures admitting at least a modicum of decidability. Khoussainov and Nerode [15] introduced the concept of an automatic presentation for a relational structure, which (loosely) consists of a regular language representing the elements of the structure in such a way that the relations of the structure can be recognized by synchronous finite state automata. Any FA-presentable structurethat is, any structure admitting an automatic presentation-has decidable first-order theory. This is an important motivation for studying FA-presentable structures. The theory of automatic presentations continues to be developed; see, for example, [2] [3] [4] 18] .
A common theme in the research thus far on automatic presentations has been the classification of those structures, within particular species, that admit automatic presentations. The second and fourth authors showed that a finitely generated group admits an automatic presentations if and only if it is virtually abelian (see Theorem 2.8 below). The authors together proved that a finitely generated cancellative semigroup admits an automatic presentation if and only if it embeds into a virtually abelian group [6, 7] .
The present paper studies the interaction of automatic presentations and certain semigroup constructions, namely: direct products, free products, finite Rees index extensions and subsemigroups, strong semilattices of semigroups, Rees matrix semigroups, Bruck-Reilly extensions, zero-direct unions, semidirect products, wreath products, ideals, and quotient semigroups. For each case, the closure of the class of FA-presentable semigroups under that construction is considered, as is the question of whether the FA-presentability of the semigroup obtained from such a construction implies the FA-presentability of the original semigroup [s] .
This study of constructions leads to new characterizations of FA-presentable semigroups of certain classes:
• The finitely generated FA-presentable Clifford semigroups are precisely the finitely generated strong semilattices of virtually abelian groups (Theorem 7.7).
• The finitely generated FA-presentable completely simple and completely 0-simple semigroups are precisely those arising as Rees matrix semigroups over virtually abelian groups (Theorem 8.6 and Corollary 8.7).
Automatic Presentations
Definition 2.1 Let L be a regular language over a finite alphabet A. Define, for n ∈ N, Observe that the mapping conv maps an n-tuple of words to a word of n-tuples. A semigroup can be viewed as a relational structure, with the binary operation • becoming a ternary relation. The following definition simply restates the preceding one in the special case when the structure is a semigroup: Definition 2.4 Let S be a semigroup. Let L be a regular language over a finite alphabet A, and let φ : L → S be a surjective mapping. Then (L, φ) is an automatic presentation for S if the relations 
Definition 2.2 Let
L = = {(w 1 , w 2 ) ∈ L 2 : w 1 φ = w 2 φ} and L • = {(w 1 , w 2 , w 3 ) ∈ L 3 : (w 1 φ)(w 2 φ) = w 3 φ} are regular.φ(g i conv(ε 1 z 1 , . . . , ε n z n )) = g i (ε 1 z 1 , . . . , ε n z n ).
Theorem 2.9
Any finitely generated subsemigroup of a semigroup admitting an automatic presentation has polynomial growth. In particular, any FA-presentable finitely generated semigroup has polynomial growth.
Proof This result was proved for groups in [16] ; the proof immediately generalizes to semigroups (see [7] ).
Direct Products
The class of FA-presentable semigroups, like the class of FA-presentable structures, is closed under forming direct products [2, Corollary 5.26] . A natural question is whether the converse holds: if S and T are semigroups and S × T is FA-presentable, must the two direct factors S and T themselves be FA-presentable? This section exhibits a counterexample to show that this does not hold.
Before embarking on the counterexample, notice that it is particularly important in light of the long-standing open problem of whether automaticity in the sense of Epstein et al. [11] and Campbell et al. [9] is preserved on passing to direct factors; this question is open even in the restricted case of groups.
Example 3.1 Let Y be a non-recursively enumerable subset of the natural numbers. For each y ∈ Y , let P y be a set of y elements, with all the sets P y being pairwise disjoint. Let e and z be new elements. Let
Define a multiplication on S by uv = e if u, v ∈ P y for some y ∈ Y ; z if u ∈ P x and v ∈ P y for x, y ∈ Y with x = y;
(It is easy to check that this multiplication is associative and so S is a semigroup.) Then S is not FA-presentable, for if it were, one could enumerate the set Y : to determine whether k lies in Y , one would check whether the set
is non-empty. (That is, check whether there is a set of k distinct elements with pairwise product e and that this set does lie inside a larger such set.) Let T be a countable null semigroup, with all products being equal to f ∈ T . Then T is FA-presentable.
Observe that S × T consists of elements
where t ∈ T − {f } and p ∈ P y for some y ∈ Y . Suppose y 0 , y 1 , . . . and t 0 , t 1 . . . are the elements of Y and T respectively, listed in some fixed order with t 0 = f . For each i ∈ N ∪ {0}, let {q i,j : j ∈ N ∪ {0}} consist of the [countably many] elements (p, t) where p ∈ P y i and t ∈ T . Let a and b be symbols and let
where i and j are understood to be in reverse binary notation. Notice that L is a regular language. Define φ :
The relation L • is regular, since the only checking the automaton has to perform is when the first two tracks on the input tape are labelled by conv(i, j ) and conv(h, k), when it must check whether h and i coincide.
Thus (L, φ) is an automatic presentation for S × T . Thus S × T is an example of an FA-presentable direct product with a direct factor S that is not FA-presentable.
In the above example, the countable null semigroup T is FA-presentable. This raises the following question: Question 3.2 Do there exist semigroups S and T such that S × T is FA-presentable but neither S nor T are?
Free Products
The present section characterizes those semigroup and monoid free products that are FA-presentable. A semigroup free product is only FA-presentable in one very restricted case: Proof Suppose S is non-trivial. Let s 1 and s 2 be distinct elements of S and let t ∈ T . Then {s 1 t, s 2 t} generates a free subsemigroup of S * T , which contradicts the fact that every finitely generated subsemigroup of an FA-presentable semigroup has polynomial growth (Theorem 2.9). Now suppose S = {s} and T = {t} are both trivial. Then every element of S * T is an alternating product of symbols s and t and is uniquely determined by the leftmost symbol and the length of the product. So let L = {xn : x ∈ {s, t}, n ∈ {0, 1} + 1}, and define φ : L → S * T be letting (xn)φ be the element of S * T (viewed as a set of alternating products) that starts with x and has length equal to the number represented in reverse binary notation by n. To see that (L, φ) is an automatic presentation for S * T , reason as follows: Every element of S * T has a unique representative in L, so the equality relation is simply the diagonal relation {(w, w) : w ∈ L}. The multiplication relation is
since (xn)φ ends with x if and only if n is odd. Since addition of numbers in reverse binary notation and checking such numbers for divisibility by 2 can be carried out by an automaton, this relation is regular.
For monoid free products-where the identities of the two monoids are amalgamated-there is marginally more freedom:
Proposition 4.2 The monoid free product of two monoids S and T is FA-presentable if and only if one of the following cases holds:

S is FA-presentable and T is trivial, or vice versa; 2. S and T both contain exactly two elements.
Proof If T is trivial then S * T is isomorphic to S. So assume both S and T are non-trivial.
Suppose S contains at least three elements. Let s 1 and s 2 be non-identity elements of S and let t be a non-identity element of T . Then {s 1 t, s 2 t} generates a free subsemigroup of S * T , which is a contradiction, as in the proof of the preceding result. Now suppose that S and T each have two elements. Then every element of S * T is either the identity or an alternating product of the non-identity elements s of S and t of T which is determined by its leftmost multiplicand and its length. As in the previous proof, let
and define φ : L → S * T by letting eφ be the identity and letting (xn)φ be the element of S * T (viewed as a set of alternating products) that starts with x and has length equal to the number represented in reverse binary notation by n. Reasoning similar to the preceding proof shows that (L, φ) is an automatic structure: the only difference is that there are several cases, depending on whether s 2 = s or s 2 = 1 S and similarly for t 2 .
Notice that the characterization of FA-presentable monoid free products also characterizes FA-presentable free products of groups. 
A Noteworthy Example
This section exhibits a particular FA-presentable semilattice which is, in some sense, an extreme example: several semigroup constructions based on this semilattice turn out not to be FA-presentable. More simply, this semilattice is the starting-point for various counterexamples that show the class of FA-presentable semigroups is not closed under certain constructions.
Recall that a semilattice (S, ≤) forms a commutative semigroup of idempotents (S, •), where s • t is defined to be the greatest lower bound of {s, t}. That is, s • t is the [necessarily unique] element x ∈ S such that
Therefore • is first-order definable over (S, ≤) and similarly ≤ is first-order definable over (S, •), since
Ergo, for the purposes of automatic presentations, one is free to view a semilattice either as an ordered set or as a semigroup.
Let S be the set
Let be the following relation on S:
The relation is a partial order on S. Furthermore, any two elements of S have a greatest lower bound under . Thus S is a semilattice. The Hasse diagram of (S, ) is shown in Fig. 1 .
Proposition 5.1 The semilattice (S, ) admits an automatic presentation.
Proof Let L be the language
where the natural numbers i and j are understood to be expressed in reverse binary notation; an automaton can ensure that j does not exceed i. The map φ : L → S is defined by
Notice that the mapping φ is injective; thus the equality relation is simply
and is therefore regular. The order relation is
The relation (5.1) is clearly regular. Moreover, (5.2) is regular since an automaton can check that the first components on each input tape match, that the second components do not exceed the first, and that the second component on the first tape is less than the second component on the second tape.
Furthermore, (S, ) has the following useful property:
Lemma 5.2 Let (T , •) be a semigroup containing (S, •) as a subsemigroup. Suppose that (L, φ) is an injective automatic presentation for (T , •)
and that J = (S − {0})φ −1 is a regular language. Then, for any word u ∈ J with uφ ∈ M i (for some i ∈ N), the set H u = M i φ −1 can be effectively computed, and so the index i = |M i | = |H u | can also be computed.
Proof The first-order formula
is satisfied (in J ) by the unique word u max such that u max φ is the maximum element of M i ; thus this word u max can be effectively computed. Construct the language
then H u = M i φ −1 , and so one obtains i = |M i | = |H u |.
Finite Rees Index Subsemigroups and Extensions
The Rees index of a subsemigroup T of a semigroup S is defined to be |S − T |.
If the Rees index of T in S is finite, then T is a large subsemigroup of S and S is a small extension of T . Many properties of semigroups are preserved on passing to small extensions and large subsemigroups: for example, finite generation [8] , finite presentability [17] , and automaticity [13] . Generally, the proofs of these results for passing to small extensions are easy, and the proofs for passing to large subsemigroups are hard. (For example, the proof of the preservation of finite presentability on passing to small extensions [17, Theorem 4.1] is about twenty lines long; the proof for passing to large subsemigroups is over ten pages long [17, pp. 388-398] and very technical (a gap in the original proof is fixed in [12] ).) In contrast to this is the situation for automatic presentations: the present section exhibits an easy proof of the preservation of FA-presentability on passing to large subsemigroups, and an example to show that FA-presentability is not, in general, closed under passing to small extensions.
Proposition 6.1 Let S be a semigroup with a subsemigroup T of finite Rees index. Then T admits an automatic presentation if S does.
Proof Let (L, φ) be an injective automatic presentation for S. Let X be the finite set {w ∈ L :
is an automatic presentation for T .
Let (S, ) be the semilattice from Sect. 5. Let Y be a non-recursively enumerable subset of N. Let P be the set S ∪ {e}, and extend the relation to P by defining 0 e, m i,j e for all i ∈ Y and j ∈ N with j ≤ i.
The relation is is a partial order on P and (P , ) is again a semilattice. The Hasse diagram of (P , ) is similar to that of (S, ): the only difference is that there is a new element e which is above those subchains M i for i ∈ Y ; see Fig. 2 .
Proposition 6.2 The semilattice (P , ) does not admit an automatic presentation.
Proof Suppose, with the aim of obtaining a contradiction, that (P , ) has an automatic presentation (L, φ); without loss of generality, suppose that this automatic presentation is injective. Then it is possible to enumerate Y as follows. Let z ∈ L represent 0; let f ∈ L represent e. Let K = L − {f, z}. 
This first-order condition can be checked: output i if the condition holds. Now, (P , ) is a finite Rees index extension of (S, ), but the latter is FApresentable while the former is not. This establishes the following result: 
If S 0 admits an automatic presentation, then so does its finite Rees index subsemigroup S.
The reasoning for S 1 is similar.
Finitely Generated Clifford Semigroups
The aim of the present section is to characterize those finitely generated Clifford semigroups that admit automatic presentations. Clifford semigroups are a standard notion in semigroup theory, being a species of semigroups that are 'close' to being groups. They admit several equivalent definitions [14, Theorem 4. this set, being first-order definable, is regular. By definition, Eφ is the set of idempotents in S-the identities of the groups G α -which is isomorphic to the semilattice Y . The multiplication in Eφ is simply the restriction of the multiplication in S, so the relation
is regular. So (E, φ| E ) is an automatic presentation for Y . Choose any group G α with identity 1 α . The elements of G α are precisely those elements x of S such that (1) 1 α acts as an identity on x and (2) there is no idempotent e with e < 1 α (in the semilattice Eφ) such that e acts as an identity on x. Thus, the subset of L representing elements of G α is precisely
So (K, φ| K ) is an automatic presentation for G α . Proof Since S is finitely generated, the semilattice Y , being a homomorphic image of S, must also finitely generated. Any finitely generated semilattice is finite; thus Y is finite.
Choose any one of the groups G α . By Proposition 7.3, G α is FA-presentable. Choose a finite generating set X for S, and let X be those elements of X lying in groups G β with β ≥ α. Then G α is finitely generated by the images of the elements of X under the various homomorphisms φ β,α . Thus, by Theorem 2.8, G α is virtually abelian. G 1 , . . . , G n be finitely generated virtually abelian groups. Then there is a finite-index normal abelian subgroup
Proposition 7.5 Let
Proof Each group G i has an index-k i normal abelian subgroup J i isomorphic to Z n i for some n i ∈ N ∪ {0}. Let K be the least common multiple of the exponents of the various factor groups G i /J i . Let H i be the subgroup of G i generated by {x K : x ∈ G i }. By the choice of K, every element x K of G i lies in J i . So H i is a subgroup of J i and so isomorphic to Z n i for some n i ∈ N ∪ {0}. Furthermore, the factor group J i /H i is a finitely generated abelian group of finite exponent and is therefore finite. So the index of H i in G i is finite. Now, let φ : G i → G j be a homomorphism. Any K-th power in G i must be mapped to a K-th power in G j , so the subgroup of G i generated by K-th powersnamely H i -must be mapped into the subgroup of G j generated by K-th powersnamely H j . Finally, each H i is normal in G i since it is generated by all the K-th powers.
Proposition 7.6 Let S = S[Y ; G α ; φ α,β ] be a finitely generated Clifford semigroup where each group G α is virtually abelian. Then S admits an automatic presentation.
Proof Since S is finitely generated, the semilattice Y must be finite. By Proposition 7.5, one can view each group G α as having a finite-index normal abelian subgroup H α Z n α such that for all α, β ∈ Y with α ≥ β, H α φ α,β ⊆ H β .
For each α ∈ Y , choose a set of representatives g α,1 , . . . , g α,l α for each of the cosets of H α in G α . Define the language
where the various z i are understood to be in reverse binary notation. The language L α , being a finite union of regular languages, is itself regular. The virtually abelian group G α admits L α as an automatic presentation. Let L = α∈Y L α . The aim is to show that L is an automatic presentation for S.
The first task is to show that the homomorphisms φ α,β are all regular (that is, the relations φ α,β are regular as relations). Now, φ α,β is determined by the images of the various g α,i and the elements (1, 0, . . . , 0), (0, 1, . . . , 0) 
. , y β,j,n β ) .
That is,
where z j y β,j,h is understood to be an abbreviation for
By Proposition 2.7, the relation φ α,β is regular. Define
This language is regular and describes the multiplication of elements in G α and G β . Finally, let
By the definition of a Clifford semigroup, the regular relation M describes multiplication in S. This completes the proof.
From Corollary 7.4 and Proposition 7.6 follows immediately the characterization of those finitely generated Clifford semigroups admitting automatic presentations: 
Theorem 7.7 Let S = S[Y ; G α ; φ α,β ] be a finitely generated Clifford semigroup. Then S admits an automatic presentation if and only if each group G α is virtually abelian.
In light of Theorem 7.7, one naturally asks whether the class of FA-presentable semigroups is closed under forming strong semilattices of semigroups. The following counterexample shows that this generalization does not obtain, every when the semilattice is finite:
Example 7.8 Let Y = {α, β} be the two-element semilattice with β < α. Let S α and S β be two copies of the semilattice from Sect. 5. (Distinguish elements and subsets of these two semilattices using superscript symbols α or β, as appropriate.) Let X be a non-recursively enumerable subset of the natural numbers. Define the mapping φ α,β by
The mapping φ α,β is a homomorphism. Let T be the strong semilattice of semigroups S[Y ; S α ; φ α,β ]; see Fig. 3 for a schematic diagram of T . For reductio ad absurdum, suppose that T admits an automatic presentation (L, φ). Without loss of generality, assume (L, φ) is injective. Let y ∈ L be such that yφ = 0 α . Let
then K is regular and K = S α φ −1 . Let J = L − K ; then J = S β φ −1 . Let z ∈ J be such that zφ = 0 β . Let K = K − {y}. So J and K are both regular.
The contradiction arises from the following procedure, which enumerates the nonrecursively enumerable set X:
1. Fix an effective enumeration of K.
For each enumerated word u ∈ K, use Lemma 5.2 to construct H u and so obtain
This first-order condition can be checked: output i if the condition holds.
Completely Simple & Completely 0-Simple Semigroups
Definition 8.1 Let S be a semigroup, I and be index sets, and P be a × I matrix over S ∪ {0} whose λ, i-th element is p λ,i . The Rees matrix semigroup M 0 [S; I, ; P ] is defined to be the set (I × S × ) ∪ {0} with multiplication
and
Now restrict P to be a matrix over S. The Rees matrix semigroup M[S; I, ; P ] is defined to be the set I × S × with multiplication (i, g, λ)(j, h, μ) = (i, gp λ,j h, μ).
Recall that a semigroup is completely 0-simple if it has no proper two-sided ideals, is not the two-element null semigroup, and contains a primitive idempotent (that is, an idempotent e such that, for all idempotents f , ef = f e = f =⇒ e = f ). The celebrated Rees theorem [14, Sect. 3.2] asserts that all completely 0-simple semigroups are isomorphic to a semigroup M 0 [G; I, ; P ], where G is a group and I and are finite sets. Corollary 8.3 no longer holds if one generalizes to Rees matrix semigroups over arbitrary base semigroups. To see this, let X be a finite alphabet and let F be the free semigroup over X. By Theorem 2.9, the semigroup F is not FA-presentable, since it does not have polynomial growth. Let T = M[F 0 , I, , P ], where I and are arbitrary finite sets and every entry of the matrix P is 0. Every product in T is therefore an element of the form (i, 0, λ) . Let
(allowing a slight abuse of notation in viewing F 0 as both a semigroup and a set of words) and define φ :
which is regular since it is the concatenation of a finite relation and one that is manifestly regular. So T is FA-presentable, but the underlying semigroup F 0 is not.
Proposition 8.4 [1]
The completely 0-simple semigroup M 0 [G; I, ; P ] is finitely generated if and only if the group G is finitely generated and the sets I and are finite.
Proposition 8.5 Let G be FA-presentable and let I and be finite. Then, for any
Proof Let (L, φ) be an automatic presentation for G. Let K = {iλw : i ∈ I, λ ∈ , w ∈ L} ∪ {z},
The aim is now to show that (K, ψ) is an automatic presentation for the semigroup M 0 [G; I, ; P ]. The equality relation is
which is regular since L = is regular. Now fix λ ∈ and j ∈ I and observe that the relation
being first-order definable in terms of L • , is regular. So the relation 
Suppose S is FA-presentable. Then by Proposition 8.2, the group G is FApresentable. The semigroup S is finitely generated, and so, by Proposition 8.4, the group G is also finitely generated. Therefore, by Theorem 2.8, G is virtually abelian.
For the converse, suppose G is virtually abelian. Since S is finitely generated, G is also, and so by Theorem 2.8, G is FA-presentable. Thus, by Proposition 8.5, the semigroup S is FA-presentable. 
Bruck-Reilly Extensions
This section shows that if a Bruck-Reilly extension admits an automatic presentation, then so does its base semigroup (Proposition 9.2). An example is then exhibited to show that a Bruck-Reilly extension of an FA-presentable semigroup need not be FA-presentable (Example 9.3). This parallels the situation for automatic (in the sense of [9, 11] ) semigroups: the first author proved that an automatic Bruck-Reilly extension has an automatic underlying semigroup [5, Theorem 3.3] , and that the class of automatic semigroups is not closed under forming Bruck-Reilly extensions [5, Sect. 5 ]. Definition 9.1 Let S be a monoid and let θ be an endomorphism of S. The BruckReilly extension BR(S, θ ) is the semigroup
(where S I is S with an identity adjoined unless one is already present), with the multiplication
If S is presented by A | R , then the Bruck-Reilly extension BR(S, θ ) is presented by
Every element of BR(S, θ ) can be expressed as a word of the form c γ wb β where w ∈ A * and γ, β ∈ N ∪ {0}. Furthermore, the exponents γ and β are uniquely determined. 
the set D is regular. Similarly, the set G of words representing left multiples of b is regular. The elements of S are precisely those elements of BR(S, θ ) that are neither right multiples of c nor left multiples of b.
is an automatic presentation for S. So S too admits an automatic presentation. 
It is easy to see that θ is an endomorphism of the semilattice (S, ). Suppose BR(S, θ ) admits an automatic presentation (L, φ); without loss of generality, suppose that this automatic presentation is injective. Then it is possible to enumerate Y as follows. Construct the subset K of L with K φ = S; by the proof of the preceding result, K is regular. Let z ∈ K represent 0; let K = K − {z} This procedure enumerates Y . This is a contradiction, so BR(S, θ ) does not admit an automatic presentation.
Zero-direct Unions
For each i ∈ I , let S i be a semigroup with a zero 0 i . Their zero-direct union is the semigroup formed by taking their disjoint union, identifying their zeroes, and defining the product s ∈ S i and t ∈ S j to be this zero if i = j , or st ∈ S i if i = j .
The class of FA-presentable semigroups is closed under forming finite zero-direct unions:
Proposition 10.1 Let S and T be semigroups with zeroes and suppose both are FApresentable. Then their zero-direct union also admits an automatic presentation.
Proof Let (L, φ) and (M, ψ) be injective automatic presentations for S and T respectively, with L and M being disjoint. Let x ∈ L and y ∈ M be the representatives of the zeroes of S and T respectively. Let K = L ∪ M. Define θ from K to the zerodirect union of S and T by wθ = wφ for w ∈ L and wθ = wψ for w ∈ M. To see that (K, θ ) is an automatic presentation for the zero-direct union of S and T , reason as follows: the equality relation is
which is manifestly regular, and the multiplication relation is (u, v, y) , (v, u, x) , (v, u, y Then S is the zero-direct union of T and U , each of which is the zero-direct union of countably many subsemilattices M i ∪ {z} (each of which is finite and thus FApresentable).
Suppose T admits an injective automatic presentation (L, φ). Then it is possible to enumerate Y as follows. Let z ∈ L represent the zero of T . Let K = L − {z}.
As in the proof of Proposition 5.2, fix an effective enumeration of K. For each enumerated word w ∈ K (lying in some M i ), construct H ⊆ L with H φ = M i . The language H is finite and its cardinality is i; output this i. This procedure enumerates Y . This is a contradiction, so T does not admit an automatic presentation.
Thus T is a non-FA-presentable semigroup that forms a component of an FApresentable zero-direct union S.
In the preceding example, T is a non-FA-presentable countable zero-direct union of FA-presentable semigroups M i ∪ {z}. Thus the class of FA-presentable semigroups is not closed under countable zero-direct unions. However, it is closed under countable zero-direct unions of isomorphic semigroups: Proposition 10.3 Let S be a semigroup with a zero that admits an automatic presentation. Let S i be isomorphic to S for all i ∈ N. Then the zero-direct union of the S i admits an automatic presentation.
Proof Let T be the zero-direct union of the S i . Let (L, φ) be an injective automatic presentation for S; let y ∈ L be such that yφ is the zero of S. Let K be the language
where i is in reverse binary notation. Observe that K is regular. Define ψ : K → T by letting (conv(u, i) )ψ be the element uφ lying in S i . Then
both of which are easily seen to be regular since L • is regular and the equality of natural numbers in reverse binary notation can be checked by a finite state automaton.
Semidirect and Wreath Products
Let S and T be monoids. Denote by S ⊕T the set of functions from T to S with finite support (that is, where only finitely many elements of T have non-identity image in S). The [restricted] wreath product S T of monoids S and T is the set S ⊕T × T under the operation
Proposition 11.1 Let S be FA-presentable and let T be finite. Then S T is FApresentable.
where T is treated as an abstract set of symbols. Observe that M is a concatenation of a finite language and a regular language and is thus itself regular.
where f : T → S is defined by t i → u i φ. To see that (M, ψ) is an automatic presentation for S T , note first that every element of S T has a unique representative in M (since φ is injective). Now consider the automaton reading a triple
to check whether it lies in M • . First of all, the automaton checks that s = tt . Then, for each i ∈ {1, . . . , k}, it finds j such that t j t = t i and checks that (u i , v j , w i ) ∈ L • . (That this is possible inside a finite automaton is due to the finiteness of T .)
On the other hand, if S is finite and T FA-presentable, then S T need not be FA-presentable. For example, let S = {1, c} be the cyclic group of order 2. Define mappings f, g : Z → S by zf = 1 for all z ∈ Z and by 0g = c and zg = 1 for z ∈ Z − {0}. Then the subsemigroup of S Z generated by (f, 1) and (g, 1) is free, and so, by Theorem 2.9, S Z cannot be FA-presentable.
The following example shows that class of FA-presentable semigroups is not closed under forming semidirect products, even if the top semigroup is finite.
Example 11.2 Let (S, ) be the semilattice from Sect. 5 and let θ : S → S be the endomorphism defined using a non-recursively enumerable subset Y of N in Example 9.3. Let X = {id, θ}, where id is the identity mapping on S. Then X is a subsemigroup of End S, since θ 2 = θ . Let T be the semidirect product X S, where X acts on S (from the right) in the obvious manner. Identify S with the subsemigroup of T consisting of elements of the form This procedure enumerates Y . This is a contradiction, so T does not admit an automatic presentation.
(The semidirect product defined in the preceding example is actually isomorphic to the strong semilattice of semigroups defined in Example 7.8.)
Since a finitely generated group is FA-presentable if and only if it is virtually abelian, the class of finitely generated FA-presentable groups is closed under semidirect products with finite groups. It remains open whether the class of all FApresentable groups is closed under semidirect products with finite groups, or under finite extensions generally.
Ideals & Quotients
Let S be a semigroup with an automatic presentation (L, φ). Let K be a regular (possibly finite) subset of L. Then the ideal generated by Kφ is the set of elements represented by the regular language One can therefore test membership of ideals generated by subsets described by regular languages. Furthermore, one can test whether such ideals are principal: simply check whether the regular language v ∈ L : (∀w ∈ K) w ∈ I ({v}) is non-empty.
Moreover, the quotient semigroup
S/(I (K)φ) (S − (I (K))φ) ∪ {0}
(where any product in S that lies in I (K)φ is taken to be 0) is also FA-presentable: let K = (L − I (K)) ∪ {z}, where z is a new symbol. It is easy to see that the regularity of K = and K • follows from that of L = and L • . The converse does not hold, however: the FA-presentability of a semigroup T does not follow from the FA-presentability of an ideal I of T and the quotient semigroup T /I . The counterexample is the semigroup T from Example 7.8, which is not FApresentable, but which possesses an ideal I = S β such that both I and T /I S 0 α are FA-presentable.
Furthermore, the class of FA-presentable semigroups is not closed under forming ideals: in Example 10.2, T is a non-FA-presentable ideal of the FA-presentable semigroup S. Indeed, the following example shows that an ideal I of a semigroup S may not be FA-presentable even when both S and S/I are FA-presentable.
Example 12.1 Let (S, ) be the semilattice from Sect. 5. Let S i be isomorphic to S for each i ∈ N. Then the zero-direct union of the S i is FA-presentable by Proposition 10.3, and is isomorphic to the semilattice whose Hasse diagram is shown in Fig. 5 . Let Y be a non-recursively enumerable subset of the natural numbers. Let
where the subsets M i lie in S 1 . Then I is an ideal of S that is not FA-presentable, being isomorphic to the semigroup T of Example 10.2. Furthermore, the factor semigroup S/I is isomorphic to S itself: to obtain S/I from I , one simply deletes one of the (countably many) copies of M i therein for each i ∈ Y ; it is clear that the result is isomorphic to S.
